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The universal property of the quotient: The universal property of a subspace: Let
Suppose f is continuous. Then f is A CY be a subspace with inclusion map
continuous if it is well-defined (such that the inc: A — Y. Then f is continuous if and
diagram commutes). only if incof is continuous.

Exercise 41 (Deriving (Sub-)basisis from old ones)

Motivation Let X, Y be topological spaces and f: X — Y be some set map. If S is a subbasis
of Y, then f is continuous if and only if f~1(U) is open in X for allU € S.

(Slogan: For continuity it is sufficient to check a subbasis.)

Let B be a basis of X and S C X. S is open if and only if for every x € S there exists some
U € Bsuchthatz € U C S.

Overall, to prove continuity of f: X — Y it is usefull to have a subbasis of Y. To disprove
continuity it is usefull to have a basis of X.

1. Product. Let X7, X5 be topological spaces with basis By, B2. Prove that By x Bs is a basis
of X1 x X9, where
31 X BQ = {U1 X UQ’Ul S Bl,UQ S BQ}.

Let (X;);cs be a family of topological spaces with (B;);c; be a family of corresponding
basisis. Prove that [[;.; B; is a basis of [ [, ; X;, where

H B; = {H Ui|Vi € I: U; € B;, all but finitely many U; are equal to X }.
i€l i€l

2. Coproduct. Let X, X7 be topological spaces with subbasis S, S2. Prove that §; U Sy is a
subbasis of X7 LI X5, where

S1uUSy = {U|U € 51 |_|52.}
Given a family of topological spaces (X;);er with subbasisis (S;);er. Construct a subbasis

for | | Xi from (S;)ier.

3. Subspace. Let X be a topological space with basis B and let A C X with the subspace
topology. Construct a basis for A from B.

4. Quotient space. Let X be topological space with subbasis S and let X/~ be the quotient
obtained by some relation. Construct a subbasis for X/~ from S.



Remark We have only asked for a basis or a subbasis for each construction. This is why:

1. To check wether a map X — Y7 X Y3 is continuous, one needs not to know a subbasis of
Y1 X Ys but can instead check the map on each factor.

2. To check wether a map X; U Xy — Y is continuous one can check each component.
3. To check wether amap X — A C Y is continuous one can check the induced map X — Y.

4. To check wether a map X/~ — Y is continuous one can check instead the induced map
X =Y.

However, if we have some construction (X; X X3)/~ then we might care about a subbasis for
X1 x X5 from a subbasis from X; and X9 (which is possible by the same construction).

Exercise 42 (S is contractible) Consider the space

o0
S0 = {(azo,xl, . )’ Zazf = 1, all but finitely many x; are zero}.
=0

This turns out to be a metric space by

[e o]

dz((zo, - ), (%o, --)) = | D_ (w0 — y0)*.
i=0
In this exercise we will show that this space is contractible.
Consider S™ = {(z0,...,2n)| Y"1 2 = 1} with the Euclidean metric

n

da((oy -y xn), (Yo, -y Yn) = Z(xl — i)

i=0
As we will see, this space is not contractible. However each inclusion S™ — S$™*! is homotopic
to a constant map. We will take particular interest in the inclusions

. 1

in: 8" — S"T (20,...,20) = (z0,...,70,0)

and
n: S — Hans (o, .-y zpn) — (0,20,...,2p).

1. Show that i,, is homotopic to j,.
2. Show that jy, is homotopic (zo,...,zy,) — (1,0,0,...,0).
3. Show that i, = id: S°° — S is homotopic to

Joo: S = S (xg,...) — (0,20,...).

4. Show that j, is homotopic to a constant map.

5. Conclude that S*° is contractible.

Exercise 43 (Homotopy of pairs vs. Homotopy of quotients) Suppose f,g: (X, A) — (Y, B) are
continuous maps of pairs.

1. Prove that they induce continuous maps f,§: X /A —Y/B.

2. Suppose f and g are homotopic as maps of pairs. Prove that f and § are homotopic relative
[A], the point corresponding to A.

3. Suppose f and § are homotopic relative [A]. Give an example that f and g need not to be
homotopic as maps of pairs. (You need not to prove your counterexample.)



