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This is a short exact sequence. Long and short exact sequences are an important tool and a
good way to present a lot of information in a small diagram.
An exact sequence is a sequence of maps (finite or infinite)
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such that im(f,) = ker(f,+1) for all n where f, and f,11 are defined.

The goal this session is to show the fundamental theorem of abelian groups, which is the last exercise.
Throughout this exercise we will deal with additive abelian groups with neutral element 0.

Exercise 7 Let (z1,...,x) generate a finite abelian group A. Suppose c¢1,...,c; € Z such that

ged(eq, . .., c). Then there exist (yi,. .., yx) that generate A such that y; = c1x1 + - - - + ¢y

Hint: Induction on }_ |ck|.

Exercise 8 Show that any finitely generated abelian group A has a basis. That is A is generated by
some (y1,...,yr) where y; # 0 for all 7 such that Zle Aiy; = 0 implies \;y; = 0 for all 4.

Exercise 9 Let n € N and let n1,ne € N such that ged(ni,n2) = 1 and nyny = n. Show that the
cyclic group
Z/nZ

is isomorphic to
2/ Z @ L/no .

Hint: There exist a, § € Z such that any + Sny = ged(ni, n2) (Bézout’s identity).

Exercise 10 (Existence) Conclude: Let A be a finitely generated abelian group. There exists &, [ and
prime powers p{* < --- < p;’ such that
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Exercise 11 (Uniqueness) Let k,l,x, A € Nand let p{* < --- < p;* and q{l <. < qlfA be prime
powers.

Show that
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implies k = x,1 = X and p;* :qui foralli =1,...,1L



